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1 Introduction

Intergenerational earnings mobility, together with income inequality, is an
important topic of research in the economics literature because it relates
to both intergenerational efficiency and intergenerational equity, which is
a fundamental concern for economists and policymakers. Indeed, as noted
by Grawe and Mulligan (2002), the study of intergenerational correlations
of economic and social status is one of the oldest research agendas in the
social sciences discipline. In fact, there is a large literature that studies in-
tergenerational transmission of human capital and earnings.1 The existing
models of intergenerational mobility and income inequality, however, have
mostly abstracted from the consideration of endogenous fertility. While this
omission is largely innocuous for the main purposes of the existing literature
with tractability, assuming endogenous fertility along with human capital
investment for children can enhance the understanding of how parental factors
influence children’s earnings, given the typical trade-off between the number
and the quality of children in the spirit of Becker and Lewis (1973) and more
recently de la Croix and Doepke (2003, 2004) and Moav (2005) for differential
fertility. Different fertility rates between agents in different income groups can
help to reveal different allocations of time to working and educating children as
well as different allocations of income to consumption and investment in child
education. The resultant evolution of income distribution and population dy-
namics are expected to differ from those in existing models without differential
fertility.

This paper studies intergenerational mobility in a model that incorporates
endogenous and differential fertility with heterogeneous agents differentiated
by their skills. Different from our approach, the existing literature on inter-
generational earnings mobility abstracts from fertility differences across indi-
viduals, while the existing models on differences in fertility across income/skill
groups abstract from the analysis of intergenerational mobility. This paper
argues that some potentially important insights regarding the evolution of
the wealth distribution and intergenerational mobility can be obtained by
introducing differential fertility and intergenerational mobility in the same
model. Mainly, once faced with a trade-off between the quality and quantity
of children, low-skilled parents might choose to have more children and invest
less in the education of each child, and thus upward mobility becomes harder
to achieve. Moreover, the fact that population growth at the lower end of the
distribution is faster has implications for the evolution of the wage distribution
in society.

1A very partial list of this literature includes, for example, Becker and Tomes (1979), Loury
(1981), Piketty (1995), Galor and Tsiddon (1997), Owen and Weil (1998), Iyigun (1999), Maoz
and Moav (1999), Mookherjee and Ray (2003), Davies et al. (2005), Cremer and Pestieau (2006),
and Docquier et al. (2007). Moreover, see Piketty (2000) for a survey of this literature.
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Under the consideration of differential fertility, the educational resources
and education outcome for the children with skilled and unskilled parents will
be more uneven than the case under the implicit assumption of equal fertility.
Thus, income redistribution from the rich to the poor may be particularly
important in equalizing educational resources, which may increase intergen-
erational mobility, efficiency, and equity. Specifically, this paper considers
one way of income redistribution that completely eliminates the inequality
of educational resources: public education. Thus, this paper also adds to the
literature on the relative merits of public education versus private education.2

In doing so, we extend the analysis of differential fertility in de la Croix
and Doepke (2003, 2004) and Moav (2005) by considering intergenerational
mobility. In their models, there is no intergenerational mobility because poor
families make less or no investment in children’s education and therefore
suffer persistent poverty. We permit both downward and upward mobility
in the education process. Also, we extend the analysis of intergenerational
mobility in Davies et al. (2005) and many others that assume fixed fertility
by endogenizing fertility and considering differential fertility.

Our analysis is based on a unified framework of population dynamics and
income dynamics with heterogeneous agents. We assume that there are two
types of individuals: skilled and unskilled. We analyze the evolution of the ratio
of skilled to working population over time. Our basic analytical framework
extends Becker and Lewis (1973) by postulating that the marginal contribution
to children’s education of unskilled (skilled) workers’ time beyond a necessary
level diminishes to zero (diminishes but always remains positive). This postula-
tion yields empirically plausible implications: unskilled workers choose higher
fertility but spend less time and income on a child’s education than skilled
workers. In particular, the positive relation between parental time for child
education and parental skills is consistent with empirical evidence in Behrman
et al. (1999), Lynch (2000), and Ramey and Ramey (2010). Also, we allow for
upward and downward intergenerational mobility in education achievement
and earnings by assuming that children from skilled (unskilled) parents have
a positive probability to become unskilled (skilled). Through incorporating
population dynamics into the basic analytical framework, we investigate the
properties and implications of the model for intergenerational mobility under
public education and private education, respectively.

The current paper also yields several implications for development and
for government policies. First, it examines the relationship between income
inequality, fertility, and economic development. The development process in
our model is driven by the rising ratio of the skilled to working population
that converges to a steady-state value. In an early stage of development that
lacks skilled labor, an increase in the ratio of the skilled to working population

2This literature includes, among others, Glomm and Ravikumar (1992), Zhang (1996), Epple
and Romano (1998), Hassler and Mora (2000), Fernandez and Rogerson (2003), de la Croix and
Doepke (2004), Davies et al. (2005), and de la Croix and Doepke (2009).
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will increase both average income and income inequality. However, in a later
stage of development with more skilled than unskilled labor, a further rise in
the ratio of the skilled to working population will increase average income
but reduce income inequality. The result resembles the Kuznets hypothesis
from a different angle, which complements the existing literature. Moreover,
as skilled workers have fewer children than unskilled workers in our model,
average fertility is high in the early stage and falls to a lower long-run level in
the development process. Thus, it depicts a pattern of a rising trend in average
income and a falling trend in average fertility, which is consistent with their
observed trends in the last two centuries. Without differential fertility, this
falling trend in fertility would not arise in this model.

Second, under some reasonable conditions, it shows that switching from
private to public education reduces the relative gap between fertility rates
of unskilled and skilled workers. This result is similar to that in de la Croix
and Doepke (2004). However, with public education, inequality vanishes in
the long run in their model without upward and downward intergenerational
mobility. By contrast, inequality remains in the long run in our model in the
regime of public education, because the mobility exists in our model. Third,
it demonstrates that if the wage differential between skilled and unskilled
workers is sufficiently large or if the taste for child education is sufficiently
strong, then intergenerational mobility is greater in the public education
regime than in the private education regime. This result is obtained partly
because the impact of parental income differential on children’s education
outcome is prevalent in the private education system but it is eliminated
by public education, as in the literature. Also, public education raises the
downward mobility of children with skilled parents by reducing the amount
of time skilled parents spend on their children’s education.

However, the new light this paper sheds on intergenerational mobility
comes from the negative response of the relative fertility differential between
unskilled and skilled workers to public education. This reduced relative fer-
tility differential under public education means more children from skilled
workers compared to the private education regime and tends to raise the ratio
of skilled to working population in future times, other things being equal. This
rise in the skilled portion of the future population can in turn raise average
income and hence government spending on education per child in future times
(particularly so if the wage differential is large). Subsequently, the rise in
future government spending under public education will brighten the chance
for children with unskilled parents to become skilled (upward mobility) and
will also mitigate the increased downward mobility of children with skilled
parents. As a result, switching from private to public education tends to raise
the downward mobility of children with skilled parents more in the short run
than in the long run on the one hand and raise the upward mobility of children
with unskilled parents in all times on the other hand.

Moreover, we find very different responses of fertility differential and inter-
generational mobility to a variation in a preference or technology parameter.
Finally, in the steady state, whether or not the public education system yields a
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higher level of average income than private education depends on the amount
of public expenditure on education.

The rest of the paper proceeds as follows: Section 2 introduces an extended
Becker–Lewis model. Section 3 describes the population dynamics. Sections 4
and 5 derive household decisions under private and public education, re-
spectively. Section 6 examines the determinants of intergenerational mobility
under private and public educational systems. Section 7 analyzes the properties
of the steady states of the dynamic systems. Section 8 concludes.

2 A simple model of fertility and education investment

This section is an extension of a Becker–Lewis type model.3 Consider an
economy with an infinite number of overlapping generations. Each working
generation has a mass Nt and each individual lives for two periods: childhood
and adulthood (parenthood). An individual makes decisions only in the second
period of life, choosing how many children to bear and how much education
investment for each child in addition to his own consumption. When children
mature and have had their skills formed, they in turn choose how many
children to have and how much education to give to their children. There
are two types of parents in the economy: skilled parents—individuals who, for
example, receive higher education, and unskilled parents. The preferences of
both skilled and unskilled parents are identical as given below:

U (n, e, c) ≡ ln n + α ln e + β ln c (1)

where α and β are positive coefficients indicating the tastes for child education
outcome e and for own consumption c relative to the taste for the number
of children n (unity). The simple form of the utility function helps to keep
the model tractable in dealing with differential fertility, income inequality, and
intergenerational earnings mobility.

A parent is endowed with one unit of time, which is devoted to working,
rearing children, and educating children. In line with the existing literature,
we assume that taking care of children, both quantity-wise and quality-wise, is
time intensive for parents.4 Indeed, many empirical studies show that parental
time accounts for the bulk of the cost of producing and rearing children (see,
for example, the survey by Becker 1991). Let ξ denote the exogenous time

3There is already a large literature on “endogenous fertility,” which explains the negative
correlation between parental education (or income) and fertility from different angles. The model
developed in this section is most closely related to and different from de la Croix and Doepke
(2004). Our model implies a negative correlation between parental education and fertility under
both private and public educational systems, while their model implies the same fertility for all
individuals, skilled or unskilled alike, under public education in which everyone receives the same
amount of educational expenditure.
4For example, see Galor and Weil (2000), Galor and Galor and Moav (2002, 2004, 2006), de la
Croix and Doepke (2003), and Varvarigos and Zakaria (2012).
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cost of rearing a child. The time input for child education in fact comprises two
components: one of them can directly enhance children’s learning (teaching at
home in addition to school education) and the other cannot directly enhance
children’s learning but it provides necessary conditions for children’s learning
(e.g., monitoring, encouragement, and logistic support). The former input
requires parents to possess skills, while the latter input represents a certain
minimum level of time committed by parents to the education of each child,
denoted by k̃ > 0. We thus assume the following:

Assumption 1 Parental time for a child’s education has a lower bound k ≥ k̃ >

0. Also, the marginal contribution to children’s education of skilled parents’ time
input is always positive, whereas the marginal contribution to children’s educa-
tion of unskilled parents’ time input diminishes to zero beyond the necessary
level k̃.

The assumption hinges on the very intuition that the lack of mental labor
or skills makes additional parental time inputs helpless to the education of
children.5 With Assumption 1, a skilled parent may choose any k ≥ k̃ units
of labor time for the education of his child. By contrast, the amount of k
of an unskilled parent is only chosen at k̃. As noted by Razin and Sadka
(1995), the Becker–Lewis model does not necessarily imply that richer people
have fewer children. We therefore need the above additional assumption to
yield more empirically plausible implications. Moreover, it should be noted
that our results will hold qualitatively as long as it is assumed that unskilled
parents’ marginal contribution of their time to child education is substantially
lower than that of skilled parents. This assumption and the implication receive
supporting empirical evidence in Lynch (2000) and Ramey and Ramey (2010):
college-educated mothers spend much more time educating their children
than less-educated mothers in the USA. In fact, essentially a very similar
assumption is made in Moav (2005). Thus, it is merely to save algebra that
we assume that unskilled parents’ marginal contribution of their time to
child education is zero beyond a certain level in Assumption 1. In contrast
to the existing literature, the model setup in this section implies that under
both public and private educational systems, more skilled parents have fewer
children with higher quality.

Let a skilled parent’s income be ws(1 − ξn − kn) and an unskilled parent’s
income be wu(1 − ξn − k̃n) where ws and wu are the wage rates of a skilled
and unskilled worker, respectively. Throughout this paper, we assume that

5Making this assumption is a simple yet relevant way to capture the stylized fact that better
educated parents spend more time in the education of each child according to the empirical
evidence in the literature of both sociology and economics (e.g., Ballantine 2001, Weinberg 2001,
and Ramey and Ramey 2010).
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the wage rates are fixed and that ws > wu.6 The wage income is spent on own
consumption c and education d per child in the private education regime:

c = (1 − ξn − kn) ws − dn (2)

for a skilled worker and

c =
(

1 − ξn − k̃n
)

wu − dn (3)

for an unskilled worker who always chooses k = k̃ under Assumption 1. We
will also consider public education financed by income taxes later.

In line with Assumption 1, the education of a child is further specified to
be a Cobb–Douglas function of a parental time input and a physical input
according to

es = γskδ
s d1−δ

s for ks ≥ k̃; eu = γuk̃δ
u d1−δ

u for ku ≥ k̃, γs ≥ γu, (4)

where δ ∈(0, 1) is a share parameter measuring the relative importance of time
and physical inputs in education and subscripts s and u refer to skilled and
unskilled parents, respectively. The justification for γs ≥ γu is as follows: Given
the amount of time and income spent on educating a child, the children of
skilled individuals, being exposed to a different value system, cultural values,
and academic orientation, are more likely to be skilled themselves.7 The lower
bound k̃ is regarded as exogenous, standing for some minimum parental time
supporting child education such as sending children to school and monitoring
children for their home studies. Specifically, we assume that

Assumption 2

0 < k̃ < αδξ
/
(1 − αδ).

This assumption ensures that skilled parents are willing to choose k > k̃.
Our assumption of two inputs in child education differs from Moav (2005)
where only effective parental labor is used instead, and from de la Croix and
Doepke (2003, 2004) where the same education spending per child determined
by average human capital applies to all families.

6The wage rates can be conveniently endogenized in a small open economy framework (e.g., Galor
and Zeira 1993 and Hazan and Berdugo 2002).
7The importance of family background, and particularly of parental academic achievements and
human capital, for an individual’s educational attainment has been consistently confirmed in the
empirical literature; see Becker (1991) and de la Croix and Michel (2002) for useful surveys, and a
more recent empirical study by Anger and Heineck (2010).
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3 Population dynamics

To ease the exposition that follows, we introduce the following notations:

λt The proportion of skilled individuals in the population at time t;
p The probability of a child whose parent is skilled to become skilled;
q The probability of a child whose parent is unskilled to become skilled;

ns The fertility of a skilled individual;
nu The fertility of an unskilled individual; and
Nt The total size of cohort at time t.

As will be clear, four of the above six variables are time invariant. Thus,
there is no time script for them to save notations. The probabilities of becoming
skilled are functions of education outcome, p = p (es) ∈ (0, 1) and q (eu) ∈
(0, 1), which are strictly increasing and strictly concave. These probabilities of
children becoming skilled as a function of education inputs allow our model
to address intergenerational mobility together with differential investment in
education and differential fertility. By contrast, there is no intergenerational
mobility in de la Croix and Doepke (2003, 2004) and Moav (2005) in which
differential fertility is studied along with differential education investment.

We will derive the following relationships later:

p > q, ns < nu.

At time t + 1, the number of skilled workers whose parents are skilled is

pnsλt Nt, (5)

while the number of skilled workers whose parents are unskilled is

qnu (1 − λt) Nt. (6)

Therefore, the total number of skilled workers at time t + 1 is

pnsλt Nt + qnu (1 − λt) Nt. (7)

The working population at time t + 1 is

nsλt Nt + nu (1 − λt) Nt.

Thus, the ratio of the skilled to working population at time t + 1 is

λt+1 = pnsλt Nt + qnu (1 − λt) Nt

nsλt Nt + nu (1 − λt) Nt

= pnsλt + qnu (1 − λt)

nsλt + nu (1 − λt)
. (8)

This transition equation implies the following:

Lemma 1 Suppose that p > q and that nu > ns. If p, q, ns and nu are indepen-
dent of λt, then the ratio of skilled to working population converges globally
toward a unique steady state q < λ∗ < p.
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Proof Differentiating Eq. 8 with respect to λt yields

∂λt+1

∂λt
= nuns (p − q)

[nsλt + nu (1 − λt)]
2 > 0,

∂2λt+1

∂λ2
t

= −2nuns (p − q) (ns − nu)

[nsλt + nu (1 − λt)]
3 > 0.

At λt = 0, λt+1 = q. At λt = 1, λt+1 = p. Consequently, there is a unique
steady state q < λ∗ < p. This steady state is globally stable because the slope
∂λt+1/∂λt must be smaller than 1 at the steady state: the curve of the transition
equation starts above the 45◦ line at λt < λ∗ and finishes below the 45◦ line at
λt > λ∗ as shown in Fig. 1. ��

Now, we use yp
t to denote an individual’s income with one unit of labor fully

supplied to the labor market, which we call potential income. Then, we define
average or expected potential income permissible by labor time endowment,
Et
(
yp

t

)
, and the variance of potential income, Vart

(
yp

t

)
. The variance of actual

income is to be defined and used as a measure of income inequality later, which
depends on the variance of potential income. Given any λt in period t, the
average potential income is equal to

Et
(
yp

t

) ≡ λtws + (1 − λt) wu

= λt (ws − wu) + wu. (9)

Thus, the greater is the ratio of the skilled to working population λt, the higher
is the average potential income.

Fig. 1 Transition of the ratio
of skilled to working
population

1t

1 

p

*

q

45 o
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The variance of potential income is equal to

Vart
(
yp

t

) = λt
[
ws − Et

(
yp

t

)]2 + (1 − λt)
[
wu − Et

(
yp

t

)]2

= λt (1 − λt) (ws − wu)
2 . (10)

It implies that the level of potential-income inequality is increasing in the wage
differential and dependent on the ratio of skilled to total population. The ratio
of the skilled to working population may be regarded as the fraction of workers
with secondary education or higher. If so, it is below 50 % in many low-income
countries but it is typically above 50 % in high-income countries. When λt <

1/2, potential-income inequality is increasing in λt; when λt = 1/2, potential-
income inequality peaks; and when λt > 1/2, potential-income inequality is
decreasing in λt.

Also, as in Iyigun (1999), we use the odds ratio—the relative odds of being
skilled for the children of unskilled parents compared with the children of
skilled parents—as the measure of intergenerational mobility. Let M denote
this ratio:

M ≡ Probability
[

child is skilled| parent is unskilled
]

Probability
[

child is skilled| parent is skilled
] = q

p
.

The (relative) numbers of parents whose children experience mobility are
upward mobility q(1-λt) and downward mobility (1-p)λt.

We assume that the probabilities p and q are

p = 1 − exp (−es) , (11)

q = 1 − exp (−eu) , (12)

where es is the education level of children with skilled parents and eu is the
education level of children with unskilled parents in Eq. 4. It should be noted
that our formulation incorporates the idea that a child’s educational outcome
is determined by some stochastic factors as well as parental and societal inputs,
which is in line with the recent literature.8

4 Private education

In the private education regime, the problem of a skilled worker maximizing
utility in Eq. 1 subject to Eqs. 2 and 4 can be expressed as an unconstrained
problem:

max
{
ln (n)+αδln (k)+α (1−δ) ln (d)+βln

[
(1−ξn − kn) ws −dn

]+αlnγ
}

(13)

8See, e.g., Cremer et al. (2006), Mookherjee and Napel (2007), and Fan and Stark (2008).
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by choice of (d, k, n), taking ws and γ as given. From Eq. 13, the first-order
conditions are

n : 1

n
= β

[
(ξ + k) ws + d

]

(1 − ξn − kn) ws − dn
, (14)

k : αδ

k
= βnws

(1 − ξn − kn) ws − dn
, (15)

d : α (1 − δ)

d
= βn

(1 − ξn − kn) ws − dn
. (16)

The seemingly simple problem may have no solution because the budget
constraint has non-convex components dn and kn. To ensure an interior
optimal solution, we make the following assumption throughout the paper:

Assumption 3

0 < α < 1.

From the utility function in Eq. 1, this assumption corresponds to the case
where the taste for the education of children is weaker than the taste for the
number of children in line with similar assumptions in Ehrlich and Lui (1991)
and Zhang et al. (2001). Similarly, one can derive the first-order conditions
with respect to n and d for an unskilled worker:

n : 1

n
=

β
[(

ξ + k̃
)

wu + d
]

[
1 −

(
ξ + k̃

)
n
]

wu − dn
, (17)

d : α (1 − δ)

d
= βn[

1 −
(
ξ + k̃

)
n
]

wu − dn
. (18)

As mentioned earlier, under Assumption 1, an unskilled worker always
chooses k = k̃.

Using subscripts s and u for skilled and unskilled workers, respectively, we
give the solutions below and relegate the proof to Electronic supplementary
material—Appendix A:

Lemma 2 Under 0 < α < 1, in the private education regime, there is a unique
optimal interior solution to the problem of a skilled worker

ns ≡ (1 − α)

ξ (1 + β)
; ks ≡ αδξ

(1 − α)
; ds ≡ αξ (1 − δ)

1 − α
ws
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and an unskilled worker

nu ≡ 1 − α (1 − δ)(
ξ + k̃

)
(1 + β)

; ku = k̃; du ≡
α (1 − δ)

(
ξ + k̃

)

1 − α (1 − δ)
wu.

Note that Assumption 2, k̃ < αδξ
/
(1 − αδ), implies k̃ < ks = αδξ

/
(1 − α)k̃.

In addition, comparing the fertility rates and the fractions of time and income
spent on the education of each child of skilled and unskilled workers leads to

Proposition 1 In the private education regime, a skilled worker has fewer
children but invests a greater fraction of income and time in the education of
each child than an unskilled worker:

ns < nu; ds

ws
>

du

wu
; ks > ku = k̃.

Proof The difference nu − ns is signed by

nu − ns = 1 − α (1 − δ)(
ξ + k̃

)
(1 + β)

− 1 − α

ξ (1 + β)

= 1

(1 + β) ξ
(
ξ + k̃

)
{
ξ [1 − α (1 − δ)] − (1 − α)

(
ξ + k̃

)}

= 1

(1 + β) ξ
(
ξ + k̃

)
[
αδξ − (1 − α) k̃

]
> 0

under Assumption 2, i.e., k̃ < αδξ/(1 − αδ). The difference ds/ws − du/wu is
given by

ds

ws
− du

wu
= α (1 − δ) ξ

1 − α
−

α (1 − δ)
(
ξ + k̃

)

1 − α (1 + δ)

= α (1 − δ)

(1 − α) [1 − α (1 − δ)]

{
ξ [1 − α (1 − δ)] − (1 − α)

(
ξ + k̃

)}

= α (1 − δ)

(1 − α) [1 − α (1 − δ)]

[
αδξ − (1 − α) k̃

]
> 0

under the same condition k̃ < αδξ
/
(1 − αδ). Finally, Assumption 2 and

Lemma 2 imply ks > ku = k̃. ��
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The reason why a skilled worker has lower fertility but spends greater
fractions of time and income on the education of each child than an unskilled
worker is mainly because the marginal contribution of parental time to child
education is greater from the former than from the latter. This result differs
from that in de la Croix and Doepke (2003) where differential fertility hinges
on their assumption that the cost of education is fixed and does not depend
on the parent’s wage. Poor parents in their model have relatively higher costs
for child education and therefore spend less income on child education and
have more children. Our result also differs from that in Moav (2005) where
differential fertility arises from the assumption that parents with sufficiently
low human capital make no investment of time in child education.

We use the superscript “r” to denote the case of private education. Then,
we have

nr
s = (1 − α)

ξ (1 + β)
, (19)

nr
u = 1 − α (1 − δ)(

ξ + k̃
)

(1 + β)
, (20)

pr = 1 − exp

{
−γs

(
αδξ

1 − α

)δ [
αξ (1 − δ)

1 − α
ws

]1−δ
}

, (21)

qr = 1 − exp

⎧⎪⎨
⎪⎩

−γuk̃δ

⎡
⎣α (1 − δ)

(
ξ + k̃

)

1 − α (1 − δ)
wu

⎤
⎦

1−δ
⎫⎪⎬
⎪⎭

. (22)

According to Proposition 1, we have nr
s < nr

u and ks > k̃. From ws > wu and
from Proposition 1, it follows immediately that the amount of education
spending per child with a skilled parent must be greater than that with an
unskilled parent. Thus, es > eu and pr > qr. In a nutshell, in the private
education regime, a skilled parent has fewer children and gives each of them a
greater chance to become skilled than an unskilled parent.

Clearly, Lemma 1 applies to the case with private education in our paper.
That is, the ratio of the skilled to working population is convergent globally to
a unique steady state. Plausible parameterizations can construct q < 1

/
2 < p

and fertility rates such that the ratio of the skilled to working population
converges toward a level above 1/2 from a starting level below 1/2. In the proof
of Lemma 1, the differential probabilities for children to become skilled in
favor of those with skilled parents, p > q, are essential for the future ratio
of the skilled to working population to change and converge to the steady
state. Together with p > q, the differential fertility inversely related to the
probability to become skilled, nu > ns, is useful to yield a relatively slower
change in the ratio of the skilled to working population if the economy starts
from a lower ratio of skilled to working population. This helps to explain the
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slow convergence found in the literature on growth empirics across nations
(see, e.g., Barro and Sala-i-Martin 1992).

We now define actual income as ys = (1 − ξns − ksns)ws and yu =
(1 − ξnu − k̃nu)wu for a skilled and unskilled worker, respectively. From
Lemma 2, 1 − ξns − ksns = 1 − ξnu − k̃nu = [β + α(1 − δ)]/(1 + β). Thus,
given any λt in period t, the average (actual) income is

Et (yt) ≡ λt (1 − ξns − ksns) ws + (1 − λt)
(

1 − ξnu − k̃nu

)
wu

=
[
β + α (1 − δ)

1 + β

]
Et
(
yp

t

)
(23)

where E (yp) = λws + (1 − λ) wu refers to the average potential income given
in Eq. 9. Thus, the greater is the ratio of skilled to working population λ, the
higher is the average income, as one may expect.

The variance of (actual) income, a measure of income inequality here,
equals

Vart (yt) = λt
[
ws − Et (yt)

]2 + (1 − λt)
[
wu − Et (yt)

]2

=
[
β + α (1 − δ)

1 + β

]2

λt (1 − λt) (ws − wu)
2 . (24)

Now, we assume that the starting point of the economy is when λ is less than
0.5. This appears to be a reasonable assumption, since the skilled to unskilled
ratio of an economy is usually low at its early stage of development. Then,
Eq. 24 implies that the level of income inequality is increasing in the wage
differential and dependent on the ratio of skilled to working population. When
λt < 1/2, income inequality is increasing in λt; when λt = 1/2, income inequality
peaks; and when λt > 1/2, income inequality is decreasing in λt toward its
steady-state value. On the other hand, average fertility λtns + (1 − λt) nu is
falling with λt since ns < nu in Proposition 1. The unique steady-state level of
λt will be established in Section 7.

We summarize the results below:

Proposition 2 As the ratio of skilled to working population λt rises from below
1/2 and converges to a level above 1/2, average income rises, average fertility
falls, and income inequality f irst rises for λt < 1/2, peaks at λt = 1/2, and falls to
its long-run steady-state value for λt > 1/2.

Proposition 2 complements the existing literature by presenting the pattern
of change in income inequality in the development process that resembles
the Kuznets hypothesis from a different angle.9 The process is driven by

9For some related existing models, see Galor and Tsiddon (1996) and the literature surveyed
wherein. In those articles, yet, the economic forces underlying the result resembling the Kuznets
curve are different from the one in action here. Specifically, in the previous literature, the curve
emerges because of technological progress, which is not the case here.
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the rising convergent ratio of skilled to working population in our model
with fixed wage rates. Since the poor has more offspring in our model, the
distribution of income will change over time regardless of mobility between
groups. Also, this result is in contrast to many models on education, inequality,
and intergenerational mobility in which inequality is an exogenous monotonic
process over time (e.g., Glomm and Ravikumar 1992; Benabou 1996; Zhang
1996; Davies et al. 2005). In our model with exogenously fixed wage rates,
λt varies over time (and hence Vart(yt)), depending on the fertility rates and
education investment of skilled and unskilled workers; and inequality follows
an inverted-U-shaped path. Moreover, as λt rises over time, average income
will increase and average fertility will decrease. This rising trend in average
income and this falling trend in average fertility are also consistent with their
observed trends in the last two centuries. Our results concerning the Kuznets
curve are based on the assumption of fixed wage rates, which should be
acknowledged as a caveat of this proposition. In future research, it will be
interesting to explore the implications of more complicated dynamic structures
of the wage rates.

5 Public education

In the case of public education, as in de la Croix and Doepke (2004), we assume
that educational expenditure is chosen by the government and is financed by
flat-rate taxation. Let τ denote the tax rate. Then, the budget constraint of a
skilled worker is

c = (1 − ξn − kn) ws (1 − τ) , (25)

whereas the budget constraint of an unskilled worker is

c =
(

1 − ξn − k̃ n
)

wu (1 − τ) . (26)

The education function is now

es = γskδ
s g1−δ

t for ks ≥ k̃; eu = γuk̃δ
ug1−δ

t for ku ≥ k̃ (27)

where g is the government education spending per child. Again, any level of k
such that k ≥ k̃ may be chosen by a skilled worker and k = k̃ is always chosen
by an unskilled worker. Every worker takes g as given. Also, in this section,
we treat g as a government policy parameter. However, we will endogenize g
in the next section.

The problem of a skilled worker is to maximize Eq. 1 subject to Eqs. 25 and
27, choosing k and n. The first-order conditions are

k : αδ

k
= βn

1 − ξn − kn
, (28)

n : 1

n
= β (ξ + k)

1 − ξn − kn
. (29)
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Similarly, the problem of an unskilled worker is to maximize Eq. 1 subject to
Eqs. 26 and 27, choosing k = k and n. The first-order condition is

n : 1

n
=

β
(
ξ + k̃

)

1 −
(
ξ + k̃

)
n

. (30)

From these first-order conditions, the solutions are given below:

Lemma 3 In the public education regime, there is a unique optimal interior
solution

ns ≡ (1 − αδ)

ξ (1 + β)
; ks ≡ αδξ

1 − αδ

for a skilled worker and

nu = 1(
ξ + k̃

)
(1 + β)

; ku = k̃

for an unskilled worker.

Proof The solutions are from the first-order conditions above for a skilled or
an unskilled worker. Since 0 < δ < 1 in Eq. 4 and 0 < α < 1 in Assumption 3,
it follows that 0 < αδ < 1. Thus, the solution here is interior. The derivation of
the sufficient conditions for the solutions to be optimal is similar to that in the
proof of Lemma 2. ��

Here, ks > k̃ for a skilled worker under Assumption 2, k̃ < αδξ
/
(1 − αδ), in

the public education regime.
From Lemma 3, we have the following proposition:

Proposition 3 In the public education regime, a skilled worker has fewer chil-
dren and spends more time on the education of each child than an unskilled
worker:

ns < nu; ks > k̃.

Proof From Lemma 3, we observe that

nu − ns = 1(
ξ + k̃

)
(1 + β)

− 1 − αδ

ξ (1 + β)

= 1

(1 + β) ξ
(
ξ + k̃

)
[
ξ − (1 − αδ)

(
ξ + k̃

)]

= 1

(1 + β) ξ
(
ξ + k̃

)
[
αδξ − k̃ (1 − αδ)

]
> 0
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under Assumption 2, k̃ < αδξ
/
(1 − αδ). Assumption 2 and Lemma 3 also

imply ks > k̃. ��

The reason for a skilled worker to have lower fertility and to spend more
time on the education of each child than an unskilled worker is the same as in
the case with private education. The only difference is that the cost of public
education spending is the proportional tax which remains different between
skilled and unskilled parents, unlike the fixed and equal cost of education
spending in de la Croix and Doepke (2003).

Lemma 1 applies to the public education regime in a special case with fixed
government spending on education. In this case, the tax rate for government
education spending has to change along with the ratio of the skilled to working
population in a general equilibrium. However, such a change in the tax rate has
no effect on fertility and the time input for education in our model as shown
in Lemma 2. Consequently, the equilibrium solution for fertility rates, time
inputs, and the probabilities for children to become skilled are independent of
the ratio of skilled to working population in this special case.

We now compare across education regimes with superscripts r and g for
private and public regimes, respectively. From Lemmas 1 and 2, we observe
the following:

Proposition 4 For both skilled and unskilled workers, fertility is higher in the
public than in the private education regime; for skilled workers, their time input
for the education of each child is lower in the public than in the private education
regime:

nr
s < ng

s ; nr
u < ng

u;
kr

s > kg
s .

The main intuition for the results in Proposition 4 is as follows: First, in
the public education regime, the amount of education spending g is outside
the control of individuals. Thus, skilled workers cannot make complementary
increases in their time and income for the education of their children to the
levels they would otherwise like to achieve in the private education regime.
This tends to reduce the amount of time skilled workers use for their children’s
education. Second, the labor income tax reduces the after-tax opportunity cost
of spending time rearing children (i.e., the substitution effect), thereby tending
to raise fertility for both types of workers compared to the levels of fertility
in the private education regime. Also, this tax substitution effect tends to
reduce the time for child education by skilled workers in the public education
regime.10 The negative tax effect on the time input in education is essentially

10A further comment is that this result may be related to our simplifying assumption that public
education cannot be complemented by private investment. The results may be modified if this
assumption is relaxed, and de la Croix and Doepke (2009) provide a framework for such a possible
extension.
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similar to that captured in Glomm and Ravikumar (1992) with fixed fertility.
With endogenous fertility, the positive effect of public education on fertility
also emerges in de la Croix and Doepke (2004) under the same assumption
that parents are not allowed to provide private education in addition to the
common level of public education spending. We will allow skilled parents to
opt out of public education after paying the tax for public education later.

We use the superscript “g” to denote the case of public education. Then, we
have

ng
s = (1 − αδ)

ξ (1 + β)
, (31)

ng
u = 1(

ξ + k̃
)

(1 + β)
, (32)

pg = 1 − exp

[
−
(

αδξ

1 − αδ

)δ

g1−δγs

]
, (33)

qg = 1 − exp
(
−k̃δg1−δγu

)
. (34)

Considering the ratio of fertility of an unskilled worker to fertility of a skilled
worker across the two regimes, we have the following result:

Proposition 5 The ratio of fertility of an unskilled worker to fertility of a skilled
worker is smaller in the public education regime than in the private education
regime:

ng
u

ng
s

<
nr

u

nr
s
.

Proof From Lemma 2, nr
u/nr

s = ξ [1 − α(1 − δ)]/[(1 − α)(ξ + k̃)]. Similarly,
from Lemma 3, ng

u/ng
s = ξ/[(1 − αδ)(ξ + k̃)]. Thus, we have (ng

u/ng
s ) −

(nr
u/nr

s) = −ξα2δ(1 − δ)/[(ξ + k̃)(1 − α)(1 − αδ)] < 0 since α < 1 under As-
sumption 3 and 0 < δ < 1 in Eq. 4. ��

Proposition 5 means that public education reduces the relative gap between
fertility rates of unskilled and skilled workers. This is similar to that in de la
Croix and Doepke (2004) but arises from a different channel. The main reason
for this result in our model is that public education reduces the time for child
education by skilled parents in Proposition 4, which is the chief factor for the
existence of fertility differentials between skilled and unskilled workers in our
model. In de la Croix and Doepke (2004), however, there is no time input in
education.
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Moreover, we would like to comment that the growth implication of public
education may be ambiguous since public education may reduce skilled indi-
viduals’ time of working. The study of growth implications of public education
entails the analysis of optimal expenditure of public education, which is
discussed in the following sections.

Given any λt in period t, the average (actual) income is

Et
(
yg

t

) ≡ λt
(
1 − ξng

s − kg
s ng

s
)

ws + (1 − λt)
(

1 − ξng
u − k̃ng

u

)
wu

= β

1 + β
Et
(
yp

t

)
, (35)

where E (yp) = λws + (1 − λ) wu refers to the average potential income.
Again, the greater is λ, the higher is the average income as in the private
education regime.

The variance of (actual) income in the public education regime equals

Vart
(
yg

t

) = λt
[
ws − Et

(
yg

t

)]2 + (1 − λt)
[
wu − Et

(
yg

t

)]2

=
(

β

1 + β

)2

λt (1 − λt) (ws − wu)
2 . (36)

Thus, Proposition 2 also applies to the public education regime.
Comparing average income and inequality with the same λt in Eqs. 23, 24,

35, and 36, we observe the following:

Proposition 6 Starting from the same initial ratio of skilled to working popula-
tion, average income and income inequality are higher in the private education
regime than in the public education regime in the short run.

Proposition 6 implies that at any given time switching from private to public
education will immediately reduce average income and income inequality. In
fact, this result is also obtained in models of income inequality with fixed
fertility (e.g., Glomm and Ravikumar 1992; Zhang 1996; Davies et al. 2005). A
similar result also arises in a model with endogenous and differential fertility
in de la Croix and Doepke (2004). However, the long-run levels of average
income may be higher in the public than private education regime, which will
be discussed in Section 7 where we examine the issues in the steady state.

Unskilled agents benefit from public education because of the redistributive
mechanism as claimed in the related literature (e.g., de la Croix and Doepke
2003, 2004 or Cardak 2005, and the literature surveyed therein). However,
there is nevertheless an interesting angle here as it helps the poor by allowing
them to be more educated and thus experience upward mobility as well as
increasing their fertility. On the other hand, skilled agents may pull their
children out of public schools despite paying the tax. We will consider this
scenario in the next section.
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6 Intergenerational mobility under different educational systems

In this section, we first examine intergenerational mobility under different
educational systems, which are first characterized by the following two propo-
sitions:

Proposition 7 Under private education, intergenerational mobility q/p increases
with wu and k̃ and decreases with ws.

Proof From Lemma 2, we know that q increases with wu and k̃ and is
independent of ws; p increases with ws and is independent of wu and k̃. Then,
recall that intergenerational mobility is defined as the ratio between q and p,
we have proved the proposition. ��

The intuition of the above proposition is straightforward: First, in a system
of private education, an increase in unskilled wage increases educational
resources for the children with unskilled parents, which increases intergenera-
tional mobility. Second, an increase in the skilled wage increases educational
resources for the children with skilled parents, which decreases intergenera-
tional mobility. Third, an increase in k̃ induces unskilled parents to spend more
time educating their children and reduce fertility, which increases intergen-
erational mobility. Propositions 1 and 7 imply that when fertility differential
between unskilled and skilled decreases due to a rise in k̃, intergenerational
mobility increases. Given (q, p), when λt rises toward its steady state with
private education, the relative number of unskilled parents whose children
become skilled, q(1−λt), declines, whereas the relative number of skilled
parents whose children become unskilled, (1−p)λt, rises. The assumption of
constant wage rates simplifies the comparative statics analysis greatly.

We now look at intergenerational mobility in the public education regime.

Proposition 8 Under public education, intergenerational mobility q/p increases
with k̃ and decreases with α, ξ , and δ.

Proof From Lemma 3, we know that q increases with k̃ and is independent of
α, ξ , and δ; p increases with α, ξ , and δ and is independent of k̃. Then, recall
that intergenerational mobility is defined as the ratio between q and p, we have
proved the proposition. ��

The intuition of the above proposition is as follows: First, as described
above, an increase in k̃ induces unskilled parents to spend more time educating
their children and reduce fertility, which increases intergenerational mobility.
Second, from Lemma 3, we can see that with an increase in α, ξ , or δ,
the fertility of a skilled parent decreases and at the same time the skilled
parent spends more time educating the children, which increases p and hence
decreases intergenerational mobility. This proposition and Proposition 3 imply
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that a variation in k̃, α, or δ may have very different effects on the fertility
differential and intergenerational mobility when public education spending
is held constant. For fixed government education spending, q and p are
independent of the ratio of skilled to working population. In this case, the
relative number of families experiencing upward/downward intergenerational
mobility varies with λt in the same way as in the private education regime.
However, higher government education spending raises p and q, tending to
raise upward mobility q(1 − λt) but reduce downward mobility (1−p)λt in the
short run. Moreover, higher government education spending may raise λt+ j

over time and may have a negative (positive) effect on the upward (downward)
mobility (Fig. 2).

In order to compare intergenerational mobility across different education
regimes, we now analyze a case of “optimal” public education. In period t,
the government takes the initial λt as given and chooses the level of public
education spending per child to maximize the average welfare of the working
population:

Wt = λtUs,t + (1 − λt) Uu,t (37)

where Us and Uu stand for the utility of a skilled and an unskilled worker,
respectively, based on the utility specification in Eq. 1. In so doing, the govern-
ment knows the optimal solution to the problems of skilled and unskilled par-
ents in Section 5 as a function of government education spending and the tax
rate. The government runs a balanced budget in every period. From Lemma 3,

1 − (
ξ + kg

s
)

ng
s = 1 −

(
ξ + k̃

)
ng

u = β
/
(1 + β). Then, the government budget

constraint is given by

gt
[
ng

s λt + ng
u (1 − λt)

] = τt [λtws + (1 − λt) wu]
β

1 + β
, (38)

Fig. 2 Transition of the ratio
of skilled to working
population with optimal
government education
spending
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where ns and nu are time invariant as given in Lemma 3. Using Eqs. 1, 27, 37,
and the solutions for consumption, fertility, and education investment given
earlier, the government’s problem maximizing Eq. 37 subject to Eq. 38 is
equivalent to

max
gt

α (1−δ) ln gt+βln
{
β [λtws + (1 − λt) wu] − gt (1 + β)

[
ng

s λt + ng
u (1 − λt)

]}

where the expression in the bracket {...} is the numerator of 1 − τt according
to Eq. 38. The essence of this problem is clearly a trade-off between the
contribution of public spending to child education and the cost of doing so
via the income tax.

The first-order condition of the government problem is given below:

α (1 − δ)

gt
= β (1 + β)

[
ng

s λt + ng
u (1 − λt)

]

β [λtws + (1 − λt) wu] − gt (1 + β)
[
ng

s λt + ng
u (1 − λt)

] (39)

leading to the solution for gt below:

Proposition 9 The optimal education policy is given by

τ = α (1 − δ)

β + α (1 − δ)
∈ (0, 1) ; gt = αβ (1 − δ) [λtws + (1 − λt) wu]

(1 + β) [β + α (1 − δ)]
[
ng

s λt + ng
u (1 − λt)

] .

(40)

The optimal tax rate is constant over time; the optimal education spending per
child gt is increasing in average potential income λtws + (1 − λt) wu, decreasing
in average fertility ng

s λt + ng
u (1 − λt) and increasing in the ratio of skilled to

working population.

Proof Here, sign ∂gt/∂λt = (ws − wu)[ng
s λt + ng

u(1 − λt)] − (ng
s − ng

u)[λtws +
(1 − λt)wu] > 0 since ws > wu and ng

s < ng
u. The proof of other parts of the

proposition is straightforward. ��

The optimal income tax rate for public education is constant over time,
increasing in the taste parameter for child education and the share parameter
of education spending and decreasing in the taste parameter for consumption.
The amount of optimal government spending on education is increasing in
average potential income and decreasing in average fertility. One result is
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that the amount of optimal government education spending is increasing in
the ratio of skilled to working population. This is consistent with the fact
that developed countries having much higher ratios of skilled to working
population also have greater public spending per child than developing coun-
tries. The dependence of public education spending on the ratio of skilled to
working population via average income and via average fertility enriches the
understanding of the underlying forces for government education spending
compared to the literature.

In many countries education is mainly funded by the government (e.g.,
Glomm and Ravikumar 2003). Proposition 9 provides a rationale for this ob-
served phenomenon. Also, note that this result is obtained even though public
education diverts resources from the children with high-learning efficiency to
the children with low-learning efficiency. Moreover, from the above proof, it
is easy to see that we would get qualitatively similar results based on different
formulations of the social welfare function that may include the welfare of
children in the parental utility. In this sense, our simple specification of the
social welfare function is mainly meant to keep the analysis tractable.

In Proposition 9, optimal government spending is increasing with the ratio of
the skilled to working population. In Proposition 4, however, public education
leads to higher fertility rates for all parents but lower time inputs of skilled
parents for child education. As a result, the probabilities of children becoming
skilled increase with the ratio of skilled to working population in the public
education regime. But these probabilities may be lower in the public education
regime than those in the private education regime. This positive dependence
of such probabilities on the ratio of skilled to working population does not
satisfy the conditions in Lemma 1 for global convergence to a unique steady
state. Analytically, the dependence of the probabilities for children to become
skilled on the ratio of skilled to working population complicates the issue of
convergence in the ratio of skilled to working population. We will get back to
this issue with optimally chosen government education spending later.

We now allow a skilled agent to deviate from the optimal public education
policy, assuming that all other agents stay with it. A Nash equilibrium is
reached if it satisfies certain conditions under which no skilled agent is willing
to deviate. The deviation takes the form that anyone can opt out to seek private
education for their children after paying the tax for public education. The
justification is that schooling is full time for children, regardless of whether
it is public or private, so that a child can only be placed in one type of school.
The condition for a Nash equilibrium is given below.

Proposition 10 No skilled agent is willing to opt out the optimal public educa-
tion if

(
1 − αδ

1 − α

) 1−α
α(1−δ)

(1 − δ) >

⎡
⎣ ξ(

ξ + k̃
)

(1 − αδ)

⎤
⎦ ws

wu
.
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Proof The budget constraint of a skilled agent opting out public education
for their children is c = (1 − ξn − kn) ws (1 − τ) − dn after paying the tax. The
solution for n and k is the same as in the private education regime. The solution
for consumption is the same regardless of whether the agent opts out public
education:

c =
(

β

1 + β

)
ws (1 − τ) .

The solution for education spending is

d =
[
αξ (1 − δ)

1 − α

]
ws (1 − τ) , d∗ = αβξws

(1 − α) [β + α (1 − δ)]
.

Here, d∗ is evaluated at the optimal tax rate τ ∗ given in Proposition 9.
For the same consumption with or without deviation, the welfare gain or

loss of opting out public education is given by

Uo
s,t − Ug

s,t = ln
(
no

s

/
ng

s
)+ αδ ln

(
ko

s

/
kg

s
)+ α (1 − δ) ln

(
do∗

s

/
g∗)

where superscripts o and g refer to opting out or staying with public education,
respectively. Using Lemmas 1 and 2 and the solution for d∗ above and for
g∗ in Proposition 9, the welfare gain or loss of opting out public education is
rewritten as

Uo
s,t − Ug

s,t = (1 − αδ) ln
1 − α

1 − αδ
+ α (1 − δ)

× ln

⎧⎨
⎩
(

1

(1 − δ) (1 − α)

)⎡
⎣ (1 − αδ) λt + ξ

ξ+k̃
(1 − λt)

λt + wu
ws

(1 − λt)

⎤
⎦
⎫⎬
⎭

which is negative if

(
1 − αδ

1 − α

) 1−α
α(1−δ)

(1 − δ) >

λt + ξ(
ξ+k̃

)
(1−αδ)

(1 − λt)

λt + wu
ws

(1 − λt)
≡ f (λt) .

The function f (λ), as defined above, is decreasing:

f ′ (λ) =
[
λ + wu

ws
(1 − λ)

]−2
⎡
⎣wu

ws
− ξ(

ξ + k̃
)

(1 − αδ)

⎤
⎦ < 0,

because (ζ + k̃)(1 − αδ) < (ξ + αδξ

1−αδ
)(1 − αδ) = ξ under Assumption 2. So the

maximum of f (λ) is found at λ = 0, implying the condition in the Proposition.
��
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According to Proposition 10, skilled parents are less likely to opt out of
public schools if the wage differential is smaller. In the USA, a vast majority
of children have gone to public schools since the late 19th century as noted
in Glomm and Ravikumar (1992). Therefore, the condition in Proposition 10
may be highly relevant.

Also, we have the following result on the comparison of intergenerational
mobility across education regimes.

Proposition 11 If the wage dif ferential between skilled and unskilled workers is
suf f iciently large or if the taste for child education is suf f iciently strong, then
intergenerational mobility is greater in the public education regime than in the
private education regime:

Mg > Mr.

Proof It suffices to show the conditions for Mg
/

Mr > 1 whereby

Mg

Mr
= qg

/
pg

qr
/

pr

=
[
1 − exp

(−eg
u
)]/[

1 − exp
(−eg

s
)]

[
1 − exp

(−er
u

)]/[
1 − exp

(−er
s

)]

=
[
1 − exp

(−eg
u
)] [

1 − exp
(−er

s

)]
[
1 − exp

(−er
u

)] [
1 − exp

(−eg
s
)] .

Clearly, eg
u > er

u and er
s > eg

s together are sufficient conditions for Mg/Mr >

1. Note that eg
u > er

u means qg
u > qr

u, that is, the upward mobility of children
with unskilled parents is higher in the public than in the private education
regime. Likewise, er

s > eg
s means pr

s > pg
s or equivalently 1 − pg

s > 1 − pr
s, that

is, the downward mobility of children with skilled parents is higher in the public
than in the private education regime. Since the time input chosen by unskilled
workers for the education of each child is equal to the same exogenous amount
k̃, eg

u > er
u is warranted by g>

t dr
u. Using the solutions for dr

u in Lemma 2 and for
gt in Eq. 40, the inequality g>

t dr
u holds if

λtws + (1 − λt) wu

wu
>

[β + α (1 − δ)]
[
(1 − αδ)

(
ξ + k̃

)
λt + ξ (1 − λt)

]

[1 − α (1 − δ)] ξβ
.

Similarly, using the solutions for er
s from Eq. 4 and Lemma 2 and for eg

s from
Eq. 27 and Lemma 3 and gt in Eq. 40, the inequality er

s > eg
s holds if

ws

λtws+(1−λt) wu
>

β (1−α)1/(1−δ)
(
ξ+k̃

)

[β+α (1−δ)] (1−αδ)δ/(1−δ)
[
(1 − αδ)

(
ξ+k̃

)
λt+ξ (1−λt)

] .

Clearly, if the wage differential is sufficiently large, then Mg > Mr. Also, if
α is large enough, or at least if 1-α is close enough to zero, then Mg > Mr. ��
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This result is obtained partly because the impact of parental income
differential on children’s education outcome is prevalent in the private ed-
ucation system but it is eliminated by public education, as in the literature.
Intuitively, the equalization of education spending for every child by public
education tends to raise the upward mobility of children with unskilled parents
and the downward mobility of children with skilled parents. Also, public
education raises the downward mobility of children with skilled parents by re-
ducing the amount of time skilled parents spend on their children’s education.

However, the new light this paper sheds on mobility comes from the
negative response of the relative fertility differential between unskilled and
skilled workers to public education (in Proposition 5). This reduced relative
fertility differential in nu/ns under public education means relatively more
children from skilled workers compared to the private education regime and
tends to raise the ratio of skilled to working population in future times, other
things being equal. This rise in the skilled portion of the future working
population can in turn raise average income and hence government spending
on education in future times (particularly so if the wage differential is large).
Subsequently, the rise in future government spending under public education
will brighten the chance for children with unskilled parents to become skilled
(upward mobility) and will also mitigate the increased downward mobility of
children with skilled parents. As a result, switching from private to public
education tends to raise the downward mobility of children with skilled parents
more in the short run than in the long run on the one hand and raise the upward
mobility of children with unskilled parents in all times on the other.

7 Steady state

We now provide a definition of the steady state of the population dynamics,
which is similar to that of Mookherjee and Napel (2007), Fan and Stark (2008),
and Cremer et al. (2011).

Definition 1 The population dynamics of an economy is in a steady state if

λt = λt+1 = λt+2 = . . .

It is easy to see that this definition implies that, in the steady state of the
ratio of skilled to working population, the population growth rate is constant.
To avoid the complexity of convergence in λ to the steady state in the public
education regime, we focus on fixed government spending on education and
allow the tax rate to change to run a balanced government budget in this
section. As mentioned earlier, in our model, the tax rate change does not affect
the equilibrium solution for fertility and the time input in child education. We
now determine the steady state below.
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Lemma 4 The steady state in the private education regime and in the public
education regime with f ixed government spending on education is given by

λ = nu (1 + q) − pns − √
�

2 (nu − ns)
,

where � = [
nu (1 + q) − pns

]2 − 4 (nu − ns) nuq.

Proof In the private education regime and in the public education regime with
fixed government spending on education, the equilibrium solutions for (ns, nu,
p, q) are independent of λ. In these cases, from the transition Eq. 8, there are
two possible roots for the steady state λ. According to Lemma 1 and Fig. 1, one
of these two roots must be the desired root. We exclude the root

λ = nu (1 + q) − pns + √
�

2 (nu − ns)

in several steps as follows. First, note that nu(1 + q) − pns = (nu − ns)p +
nu(1 − p + q) > 0.

Then, rewrite � = [
nu (1 + q) − pns

]2 − 4 (nu − ns) nuq as

� = [
(nu−ns) p−nu (1− p+q)

]2+4p (1− p + q) nu (nu − ns) − 4q (nu − ns) nu

= [
(nu − ns) p − nu (1 − p + q)

]2 + 4nu (nu − ns)
[

p (1 − p + q) − q
]

= [
(nu − ns) p − nu (1 − p + q)

]2 + 4nu (nu − ns) (1 − p) (p − q) > 0.

Therefore, we obtain

λ >
(nu − ns) p + nu (1 − p + q) + [

(nu − ns) p − nu (1 − p + q)
]

2 (nu − ns)

= 2 (nu − ns) p
2 (nu − ns)

> p.

This contradicts q < λ∗ < p in Lemma 1. ��

When government education spending is optimally chosen, it is a function
of λt in Proposition 9. The analysis of the steady state and stability for this
case is more complex and relegated to Electronic supplementary material—
Appendix B. It shows that, when government education spending is optimally
chosen, there may be more than one steady state at different levels. Recall
that the exogenous government spending assures a unique and stable steady
state, which is essential for comparative statics in this section. Thus, we assume
exogenous government spending in this section.

Let us now look at how the steady-state ratio of skilled to working pop-
ulation is associated with fertility rates and the probabilities for children to
become skilled.
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Lemma 5 At the steady state, we have

∂λ

∂ns
> 0,

∂λ

∂nu
< 0,

∂λ

∂p
> 0,

∂λ

∂q
> 0.

Proof We use q < λ < p in the steady state given in Lemma 1 and Lemma 4
to sign these derivatives in Lemma 5. Differentiating Eq. 8 in the steady state
leads to

∂λ

∂ns
= (p − λ) λ

−2 (nu − ns) λ + (1 + q) nu − pns
,

∂λ

∂nu
= (q − λ) (1 − λ)

−2 (nu − ns) λ + (1 + q) nu − pns
,

∂λ

∂p
= λns

−2 (nu − ns) λ + (1 + q) nu − pns
,

∂λ

∂ns
= (1 − λ) nu

−2 (nu − ns) λ + (1 + q) nu − pns
.

According to Lemma 4, the common denominator of these derivatives is just√
� > 0. Therefore, the signs of these derivatives are as claimed. ��

In the steady state, we know that the average potential income is

λws + (1 − λ) wu = λ (ws − wu) + wu.

Thus, the greater is λ, the higher is the average income.
Let the steady-state value of the ratio of skilled to working population under

private education be denoted by λr. Then, according to Lemma 5 under private
education, clearly we have the following observation.

Proposition 12 In the steady state under private education, the fraction of the
working population as skilled workers is increasing in the wage rate of skilled
and unskilled workers, ws and wu, as well as in the productivity parameter in the
education technology, γs and γu

∂λr

∂wi
> 0 (i = s or u) ;

∂λr

∂γi
> 0 (i = s or u) .

These results are intuitive. When the wages of all workers rise, all children’s
education will benefit from more education spending and hence more children
can become skilled. When the education sector becomes more effective for all
children, the chances of children becoming skilled will be enhanced, given any
education inputs. By increasing the steady-state ratio of skilled to working pop-
ulation, higher wages or higher efficiency in education tend to reduce (raise)
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the relative number of unskilled (skilled) parents whose children become
skilled (unskilled). On the other hand, higher wages or higher efficiency in
education for skilled parents tend to increase p and tend to reduce the relative
number of skilled parents whose children experience downward mobility. On
the other hand, higher wages or higher efficiency in education for unskilled
parents tend to increase q and tend to increase the relative number of unskilled
parents whose children experience upward mobility.

Let the steady-state value of skilled to working population under public
education be denoted by λg. Then, paralleling Proposition 12, we have the
following proposition with exogenous government spending.

Proposition 13 In the steady state under public education with f ixed govern-
ment education spending, the fraction of the working population as skilled
workers is independent of the wage rates of skilled and unskilled workers, ws and
wu, and increasing in the productivity parameter in the education technology, γs

and γu, as well as in the exogenous government spending:

∂λg

∂wi
= 0 (i = s or u) ;

∂λg

∂γi
> 0 (i = s or u) ;

∂λg

∂g
> 0.

By increasing the steady-state ratio of skilled to working population, higher
education efficiency and government education spending tend to reduce (in-
crease) the relative number of unskilled (skilled) parents experiencing upward
(downward) mobility under public education. Higher wages have no effect on
intergenerational mobility for fixed government spending.

From the last part of Proposition 13 and Lemma 5, we obtain the following
result:

Proposition 14 There exists a unique level of f ixed government education
spending g*, such that average potential income in the steady state will be higher
in the public than in the private education regime if and only if g > g∗.

Proof Given (ws, wu), a higher average potential income in the steady state
means a higher ratio of skilled to working population λ in the steady state.
Define φi ≡ ni

u

/
ni

s, where i = r, g indicates the private or public education
regime. Rewrite the steady-state ratio of skilled to working population as

λi = φi
(
1 + qi

)− pi −
√[

φi
(
1 + qi

)− pi
]2 − 4

(
φi − 1

)
φiqi

φi − 1
.
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From Lemma 2 and Lemma 3, it is easy to verify that φr > φg > 1. From
Lemma 5, this lower ratio of fertility of unskilled parents to fertility of skilled
parents increases the ratio of skilled to total population. In addition, the time
input of unskilled parents in child education is the same in both education
regimes. Thus, qg > qr as long as g > dr

u, which raises the ratio of skilled to
working population according to Lemma 5. It is now clear that pg = pr is
sufficient (not necessary) for λg > λr. From Proposition 4, the time input of
skilled parents in child education is lower in the public education regime than
in the private education regime. Thus, we obtain λg > λr if

g > g = (
kr

s

/
ku

s

)δ/(1−δ) dr
s.

Combining these arguments with the last part of Proposition 13, we have
g∗ < g. Recall that the tax rate to finance government education spending
does not change fertility and time inputs in this model. Therefore, there
are plausible parameterizations such that 0 < τ ∗ < 1 exists and satisfies the
government budget constraint in Eq. 38 to finance g∗. Using the government
budget constraint and solutions for the variables involved, we have a tax rate
τ corresponding to g:

τ = (1 + β)

β

ws
[
ng

s λ
g + ng

u (1 − λg)
]

[λgws + (1 − λg) wu]

(
1 − αδ

1 − α

)δ/(1−δ)
αξ (1 − δ)

1 − α

which can be smaller than 1 (for budget feasibility) if the taste for child
education outcome α is weak enough or if the time cost of rearing a child ξ is
small enough. Thus, a tax rate at this level can yield a higher steady-state ratio
of skilled to working population in the public than in the private education
regime. ��

This proposition implies that whether the public educational system yields
a higher level of average income in the steady state depends on the amount
of public expenditure on education.11 An important feature of this model is
the smaller differential in fertility between skilled and unskilled parents in the
public than in the private education regime. As seen in the proof, this smaller
differential in fertility leads to a higher steady-state ratio of skilled to working
population in the public than in the private education regime, other things
being equal. On the other hand, the smaller time input of skilled parents in
child education in the public than in the private education regime may lead to
a lower steady-state ratio of skilled to working population in the former than in
the latter regime. If government education spending is large enough, then the
steady-state ratio of skilled to working population (hence average steady-state
potential income or efficiency) can be higher in the public than in the private
education regime.

11Note that in this paper, the wage rates for skilled and unskilled are fixed. Thus, both the average
output and the average utility only depend on the proportion of skilled individuals.
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Under some parameter configurations (especially greater education
efficiency parameters γ s and γ u), the optimal solution of g to social welfare
maximization can be greater than g*. In this case, public education will
generate not only a higher level of social welfare but also a higher level of
average income. Under some other circumstances, however, the value of g
chosen by the government can be significantly lower than g*. In this case, the
private educational system will yield a higher level of efficiency in terms of
average income.12

Comparing Propositions 13 and 14 with Proposition 6, public education
spending reduces average income in the short run compared to private educa-
tion but once public education spending is large enough, it can increase average
income in the long run. The short-run decline in average income from public
education spending (hence a short-run negative effect on growth in average
income) is mainly because all parents (skilled and unskilled alike) have more
children and because skilled parents spend less time for the education of each
child. In particular, under public education, the probability of a child from a
skilled parent to become skilled is smaller due to less investment in that child’s
education. The possible long-run increase in average income caused by public
education spending (hence a positive effect on growth in average income in
the transition toward a new steady state) works through increasing the ratio
of skilled to the working population via the dynamic system captured in Eq. 8.
On the one hand, this is because of the redistributive mechanism that helps
the children of the poor (unskilled) to acquire education as in some existing
models (see de la Croix and Doepke 2004, Cardak 2005, and the literature
surveyed there). On the other hand, the differential in fertility between skilled
and unskilled parents becomes smaller in the public education regime, which
tends to raise the steady-state ratio of skilled to working population. Through
reducing the differential in fertility, public education tends to reduce (in-
crease) the number of parents whose children experience upward (downward)
mobility.

8 Conclusion

Intergenerational mobility and income inequality are important agendas of
research in both the theoretical and the empirical literature of economics.13

While income inequality measures the equity of the current generation, inter-
generational mobility is a crucial indicator of equal opportunities for future
generations. In line with Becker and Lewis (1973) and more recently de la
Croix and Doepke (2003, 2004), we believe that a better understanding of

12In this section, for simplicity, we do not conduct the analysis of social welfare, which would be
qualitatively similar to that in Section 6.
13See, for example, Solon (2002) for a survey of the empirical literature of intergenerational
mobility. Booth and Kee (2009), Lindquist and Lindquist (2011), Riphahn and Schieferdecker
(2011), and Wilson et al. (2011) are some more recent empirical studies.
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the observed evidence of intergenerational mobility can be obtained from
the consideration of endogenous fertility, specifically differential fertility rates
across rich and poor families. To this aim, this paper develops an overlapping
generations model that analyzes differential fertility, education investment,
inequality, and intergenerational mobility with skilled and unskilled workers
in a unified framework.

The model shows that under reasonable assumptions, unskilled workers
choose higher fertility but spend less time and income for a child’s education
than skilled workers. The switch from private education to public education
raises fertility rates of all workers and reduces the relative gap between the
fertility rates of unskilled and skilled workers. Also, public education raises
intergenerational mobility if the wage differential is sufficiently large or if the
taste for child education is sufficiently strong. The new light this paper sheds on
mobility comes from the negative response of the relative fertility differential
between unskilled and skilled workers to public education. This reduced
relative fertility differential under public education means more children from
skilled workers compared to the private education regime and tends to raise
the ratio of skilled to working population in future times, other things being
equal. This rise in the skilled portion of the future working population can in
turn raise average income and hence raise government spending on education
in future times (particularly so if the wage differential is large). Subsequently,
the rise in future government spending under public education will brighten
the chance for children with unskilled parents to become skilled (upward
mobility) and will also mitigate the increase in the downward mobility of
children with skilled parents. As a result, switching from private to public
education tends to raise the downward mobility of children with skilled parents
more in the short run than in the long run on the one hand and raise the upward
mobility of children with unskilled parents in all times on the other hand. Also,
there are very different responses of fertility differential and intergenerational
mobility to a change in a preference or technology parameter under both
private and public educational systems.

Moreover, the ratio of skilled to working population converges to a unique
and stable steady-state level in the private education regime and likely in
the public education regime with exogenous government education spending.
When the ratio of skilled to working population rises in the development
process, average income rises and average fertility falls; however, income
inequality first rises and then falls. This pattern of movement of the key
variables is broadly consistent with the observed ones in the last two centuries
in developed countries. Optimal government education spending has been
considered as well, even when skilled parents are allowed to opt out of public
education after they pay the tax for public education.

The results of the paper may have useful policy implications. For example,
governments may be concerned about the fact that better educated families
often have fewer children. This paper shows that the switch from private
education to public education reduces the relative gap between fertility rates of
unskilled and skilled workers. Also, many developed countries have been un-
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der the pressure of low fertility, rising inequality, and falling intergenerational
mobility since the 1970s (e.g., in the UK or the USA). Our analysis suggests
that shifting the cost of education from the state to households may be a cause
of these problems. Therefore, the government may need to design effective
mechanisms to improve the efficiency of public education and increase the
expenditure on public education rather than simply use private educational
system as a substitute for public education.

To highlight essentials, we have used a simple stylized model in this paper.
In future research, this paper can be extended in several ways. For example, in
our model, the wage rates for both skilled and unskilled are constant over time.
We may consider the complementary and substitution effects between skilled
and unskilled workers, which may yield more realistic implications. The rising
ratio of skilled to working population may push the skilled wage down and
the unskilled wage up, which may induce higher fertility of skilled parents and
lower fertility of unskilled parents. These substitution effects of higher wages
can be canceled out by the income effect in our model with log utility such
that fertility rates are independent of the wage levels. Whether these possible
changes in fertility caused by the wage movements reverse falling average fer-
tility in a different model appears to be an interesting issue for future research.
Also, we may consider alternative definitions of intergenerational mobility
that capture not only the odd ratio but also the portion of skilled/unskilled
workers or the portion of children in each type of family. Such considerations
may further enhance our understanding of intergenerational mobility in a
dynamic framework. Moreover, this paper has assumed that parents are not
allowed to provide private education in addition to the common level of
public education spending. In future research, it will be interesting to explore
the interactions between endogenous fertility, intergenerational mobility, and
income inequality in a more flexible framework that considers various forms
of combination between public and private educational systems.
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